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Abstract
The ghost form factor entering the Gribov no-pole condition is evaluated till the third order in
the gauge fields. The resulting expression turns out to coincide with Zwanziger’s horizon function
implementing the restriction to the Gribov region in the functional integral.
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1 Introduction
In his seminal work [1], Gribov pointed out that the Landau gauge condition ∂µA
a
µ = 0 is plagued by
the existence of gauge copies, i.e. there exist equivalent configurations A′µ = UAµU
−1 + iU∂µU
−1 which
still obey the condition, ∂µA
′a
µ = 0. As a consequence, the Landau gauge does not enable us to pick up
a unique field representative for each gauge orbit1 .
In order to get rid of the gauge copies, Gribov proposed [1] to restrict the domain of integration in
the Feynman path integral to a certain region Ω, defined as the set of field configurations obeying the
Landau condition and for which the Faddeev-Popov operator Mab, Mab = −(∂2δab − gfabcAcµ∂µ), is
strictly positive, namely
Ω = {Aaµ ; ∂µA
a
µ = 0 ; M
ab = −(∂2δab − gfabcAcµ∂µ) > 0 } . (1)
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1It is worth to point out that the existence of the Gribov copies is not restricted to the Landau gauge, being in fact a
general feature of the gauge fixing procedure [2].
1
The boundary ∂Ω of the region Ω, where the first vanishing eigenvalue of the operator Mab appears, is
called the first Gribov horizon. One has to note that, within the region Ω, the operator Mab is strictly
positive, so that its inverse (M−1)ab does exist.
To restrict the domain of integration in the functional integral, Gribov worked out the so called no-
pole condition [1] for the ghost propagator, which is the inverse of the operator Mab, namely
Gab = (M−1)ab , (2)
where the gauge field Aaµ plays the role of an external classical field. Expression (2) can be represented
in a functional form by means of the Faddeev-Popov ghosts
Gab(x, y;A) =
1
N2 − 1
〈c¯a(x)cb(y)〉conn =
1
N2 − 1
∫
DcDc¯ c¯a(x)cb(y)e−
R
d4xc¯a∂µD
ab
µ c
b∫
DcDc¯ e−
R
d4xc¯a∂µDabµ c
b
. (3)
According to [1], one introduces the ghost form factor σ(k,A) in momentum space as
G(k;A) =
1
k2
1
1− σ(k,A)
, (4)
where G(k;A) is obtained by taking the Fourier transform of the trace of Gab(x, y;A), i.e.
G(k;A) =
∫
d4xd4y eik(x−y) G(x, y;A) , (5)
and
G(x, y;A) = Tr Gab(x, y;A) =
N2−1∑
a=1
Gaa(x, y;A) . (6)
Before starting the evaluation of the form factor σ(k,A) it is worth to point out that expression (4) can
be obtained as the Fourier transform of the quantity
G∗(z;A) =
∫
d4y G(z, 0;Ay) , (7)
where
Ay(x) = A(x+ y) , (8)
i.e.
G(k;A) =
∫
d4z eikz G∗(z;A) . (9)
This property2 can be obtained from eq.(5) by performing the change of variables (z = x − y, y = y),
amounting to rewrite eq.(5) as
G(k;A) =
∫
d4z eikz
∫
d4y G(z + y, y;A) . (10)
Finally, eq.(9) follows by observing that a translation of both arguments of G(z+y, y;A) by y is the same
as a translation of the field configuration Aaµ by y, as it can be checked term by term by looking at the
expressions given in the next sections, see for example eq.(66).
As σ(k,A) turns out to be a decreasing function of the momentum k [1], Gribov required the valid-
ity of the condition
σ(0, A) ≤ 1 , (11)
2We are grateful to the referee for having pointed out eq.(9).
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which is known as the no-pole condition. From condition (11) it follows that the ghost propagator has
no poles at finite values of the momentum k. Therefore, expression (4) stays always positive, meaning
that the Gribov horizon ∂Ω is never crossed. The only allowed pole is at k = 0, whose meaning is that of
approaching the horizon ∂Ω, where the ghost propagator is singular, due to the appearance of zero modes
of the operator Mab. According to the no-pole prescription, eq.(11), the Faddeev-Popov quantization
formula gets modified as [1]
dµFP = DA δ(∂A) det(M
ab) e−SYM (12)
⇒ DA δ(∂A) det(Mab) θ(1− σ(0, A)) e−SYM ,
where SYM is the Yang-Mills action
SYM =
1
4
∫
d4x F aµνF
a
µν , (13)
and θ(x) stands for the step function. Making use of the integral representation
θ(x) =
∫ +i∞+ε
−i∞+ε
dβ
2piiβ
e−βx , (14)
it turns out that the ghost form factor σ(0, A) can be brought into the exponential of the Yang-Mills
measure dµFP , i.e.
e−SYM ⇒ e−(SYM+βσ(0,A)) . (15)
We see thus that the Yang-Mills action gets modified by the addition of the factor σ(0, A). Therefore,
for the partition function Z, one writes
Z =
∫
DA
dβ
2piiβ
δ(∂A) det(Mab) e−SYM eβ(1−σ(0,A)) . (16)
Further, the integration over β was evaluated by a saddle point approximation [1], yielding
Z = N
∫
DA δ(∂A) det(Mab) e−(SYM+β
∗σ(0,A)) , (17)
with β∗ determined by the gap equation [1]
1 =
3Ng2
4
∫
d4k
(2pi)4
1
k4 + g
2N
2(N2−1)
β∗
. (18)
Independently, Zwanziger [3, 4] implemented the restriction to the Gribov region Ω by following a different
route, based on the study of the smallest eigenvalue, λmin(A), of the Faddeev-Popov operator. Relying
on the equivalence between the canonical and microcanonical ensembles in the infinite volume limit, he
was able to show that the restriction to the Gribov region can be achieved by adding to the Yang-Mills
action a nonlocal term Sh, known as the horizon function [3, 4], namely
Sh =
∫
d4x h(x)
= g2
∫
d4x d4y fabcAbµ(x)
[
M−1
]ad
xy
fdecAeµ(y) . (19)
The resulting partition function cut-off at the Gribov horizon turns out to be∫
Ω
DA δ(∂A) det(Mab) e−SYM =
∫
DA δ(∂A) det(Mab) e−(SYM+γ
4Sh) , (20)
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where the massive parameter γ is a dynamical parameter determined in a self-consistent way through
the horizon condition [3, 4]
〈h(x)〉 = 4
(
N2 − 1
)
. (21)
To the first order, condition (21) reads
1 =
3Ng2
4
∫
d4k
(2pi)4
1
k4 + 2g2Nγ4
, (22)
from which one sees that, apart from a numerical coefficient, γ4 can be identified with β∗, i.e. β∗ =
4(N2 − 1)γ4.
Although both Gribov’s no pole condition (11) and Zwanziger’s construction of the horizon function
Sh amount to modify the Faddeev-Popov functional measure, a discussion about the equivalence between
the ghost form factor σ(0, A) and the horizon function Sh has not yet been worked out. The present work
aims at filling this gap. We shall evaluate the form factor σ(0, A) till the third order in the gauge fields Aaµ.
The resulting expression will be thus compared with that obtained by expanding the horizon function Sh,
hence establishing the equivalence between σ(0, A) and Sh till the third order in the gauge field expansion.
The paper is organized as follows. In Sect.2 we evaluate Gribov’s ghost form factor σ(0, A). In Sect.3
we expand the horizon function Sh by comparing it with σ(0, A). Sect.4 is devoted to a few concluding
remarks.
2 Evaluation of Gribov’s ghost form factor
The evaluation of the ghost form factor σ(k,A) will be performed order by order in the gauge field Aaµ.
As we shall evaluate σ to the third order, we write
σ = σ(1) + σ(2) + σ(3) +O(A4) , (23)
where σ(1), σ(2), σ(3) stand, respectively, for the first, second and third order expansion of σ in powers of
the gauge fields. Therefore, from the no-pole condition (11), we get
G(k;A) =
1
k2
(
1 + σ(1) + σ(2) + σ(3) + 2σ(1)σ(2) + σ(1)σ(1) + σ(1)σ(1)σ(1) +O(A4)
)
. (24)
Let us start thus by considering the expression of G(x, y;A) in an external background gauge field Aaµ,
obtained by taking the trace over the color indices of expression (3), namely
G(x, y;A) =
1
N2 − 1
〈c¯a(x)ca(y)〉conn =
1
N2 − 1
∫
DcDc¯ c¯a(x)ca(y)e−
R
d4xc¯a∂µD
ab
µ c
b∫
DcDc¯ e−
R
d4xc¯a∂µDabµ c
b
. (25)
In order to evaluate G(x, y;A) till the third order in the gauge field Aaµ, we consider∫
DcDc¯ c¯a(x)ca(y) e−
R
d4xc¯a∂µD
ab
µ c
b
=
∫
DcDc¯ c¯a(x)ca(y)
(
1 + g
∫
d4z1∂
z1
µ c¯
a1(z1)f
a1b1c1Ab1µ (z1)c
c1(z1)
+
1
2
g2
∫
d4z1d
4z2∂
z1
µ c¯
a1(z1)f
a1b1c1Ab1µ (z1)c
c1(z1)∂
z2
ν c¯
a2(z2)f
a2b2c2Ab2ν (z2)c
c2(z2)
+
1
6
g3
∫
d4z1d
4z2d
4z3∂
z1
µ c¯
a1(z1)f
a1b1c1Ab1µ (z1)c
c1(z1)∂
z2
ν c¯
a2(z2)f
a2b2c2
×Ab2ν (z2)c
c2(z2)∂
z3
λ c¯
a3(z3)f
a3b3c3Ab3λ (z3)c
c3(z3) + ......
)
e−
R
d4xc¯a∂2ca . (26)
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To the zeroth order approximation, it turns out that
G(0)(x, y;A) =
1
(N2 − 1)
〈c¯a(x)ca(y)〉(0) = G0(x− y) =
∫
d4q
(2pi)4
eiq(x−y)
q2
. (27)
2.1 First order
At first order we have
G(1)(x, y;A) =
1
N2 − 1
〈c¯a(x)ca(y)〉(1) . (28)
Using 〈
c¯a(x)cb(y)
〉(0)
= δabG0(x− y) , (29)
we obtain
G(1)(x, y;A) =
∫
d4z1G0(x− z1)∂
z1
µ G0(z1 − y)f
abaAbµ(z1) . (30)
Moreover, due to
faba = 0 , (31)
it follows that G(1) vanishes identically
G(1)(x, y;A) = 0 , (32)
so that
σ(1) = 0 . (33)
2.2 Second order
Performing Wick contractions and using eq.(29), one obtains
G(2)(x, y;A) = −
g2
(N2 − 1)
fa1b1c1fa1b2c1
∫
d4z1d
4z2G0(x− z1)∂
z1
µ G0(z1 − z2)∂
z2
ν G0(z2 − y)A
b1
µ (z1)A
b2
ν (z2) .
(34)
Taking the Fourier transformation of the expression above
G(k;A) =
∫
d4x d4y eik(x−y)G(x, y;A) , (35)
it follows
G(2)(k;A) = −
Ng2
(N2 − 1)
∫
d4z1d
4z2d
4xd4yeik(x−y)G0(x− z1)∂
z1
µ G0(z1 − z2)∂
z2
ν G0(z2 − y)A
a
µ(z1)A
a
ν(z2) ,
(36)
where we have used the property
fabcf ebc = Nδae . (37)
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Setting
Aaµ(x) =
∫
d4q
(2pi)4
eiqxAaµ(q) , (38)
we obtain
G(2)(k;A) =
Ng2
(N2 − 1)
1
k4
∫
d4q
(2pi)4
(−kν)qµ
q2
Aaµ(−q − k)A
a
ν(q + k) , (39)
which can be rewritten as
G(2)(k;A) =
Ng2
(N2 − 1)
k4
∫
d4q
(2pi)4
kµkν
(k − q)2
Aaµ(−q)A
a
ν(q) . (40)
Therefore, till the second order, for the no-pole condition we get
G(k;A) = G(0)(k;A) + G(2)(k;A) =
1
k2
(
1 + σ(2)(k,A)
)
, (41)
where
σ(2)(k,A) =
Ng2
(N2 − 1)
kµkν
k2
Iµν(k) , (42)
Iµν(k) =
∫
d4q
(2pi)4
Aaµ(−q)A
a
ν(q)
(k − q)2
. (43)
Owing to the transversality of the gauge field Aaµ(q)
qµA
a
µ(−q)A
a
ν(q) = qνA
a
µ(−q)A
a
nu(q) = 0 , (44)
we can set
Aaµ(−q)A
a
ν(q) = ω(A)
(
δµν −
qµqν
q2
)
,
ω(A) =
1
3
Aaλ(−q)A
a
λ(q) . (45)
Thus
Iµν(k) =
1
3
∫
d4q
(2pi)4
Aaλ(−q)A
a
λ(q)
(k − q)2
(
δµν −
qµqν
q2
)
. (46)
Following [1]3, it turns out that
Iµν(0) =
1
3
∫
d4q
(2pi)4
Aaλ(−q)A
a
λ(q)
q2
(
δµν −
qµqν
q2
)
=
1
4
δµν
∫
d4q
(2pi)4
Aaλ(−q)A
a
λ(q)
q2
, (47)
so that for the Gribov no-pole form factor σ(2), one obtains
σ(2)(0, A) =
Ng2
4(N2 − 1)
∫
d4q
(2pi)4
Aaλ(−q)A
a
λ(q)
q2
. (48)
Expression (48) corresponds to the original Gribov approximation [1], and is equivalent to set 1
∂D
≈ 1
∂2
in the horizon funtion (19).
3See also ref.[5].
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2.3 3◦ order
To the third order
G(3)(x, y;A) =
1
6
fa1b1c1fa2b2c2fa3b3c3
g3
N2 − 1
∫
d4z1d
4z2d
4z3A
b1
µ (z1)A
b2
ν (z2)A
b3
λ (z3) (49)
×
〈
c¯a(x)ca(y)∂z1µ c¯
a1(z1)c
c1(z1)∂
z2
ν c¯
a2(z2)c
c2(z2)∂
z3
λ c¯
a3(z3)c
c3(z3)
〉
. (50)
Performing all possible Wick contractions and proceeding as in the case of G(2), one finds
G(3)(x, y;A) = Fb1b2b3
g3
N2 − 1
∫
d4z1d
4z2d
4z3A
b1
µ (z1)A
b2
ν (z2)A
b3
λ (z3)G0(x− z1) (51)
× ∂z1µ G0(z1 − z2)∂
z2
ν G0(z2 − z3)∂
z3
λ G0(z3 − y) , (52)
where we have defined
Fb1b2b3 ≡ fa1b1afa2b2a1fab3a2 . (53)
Taking the Fouries transformation
G(3)(k;A) =
∫
d4xd4y eik·(x−y)G(3)(x, y;A) (54)
=
Fb1b2b3
N2 − 1
i3g3
k4
∫
d4q5
(2pi)4
d4q6
(2pi)4
Ab1µ (−q5 − k)A
b2
ν (q5 − q6)A
b3
λ (q6 + k)
(q5)µ (q6)ν (−kλ)
q25q
2
6
, (55)
and using the transversality condition qµA
a
µ(q) = 0, one gets
G(3)(k;A) = i3g3
Fb1b2b3
N2 − 1
kµkλ
k4
∫
d4q1
(2pi)4
d4q2
(2pi)4
Ab1µ (−q1)A
b2
ν (q1 − q2)A
b3
λ (q2)
(q2 − k)ν
(q1 − k)
2 (q2 − k)
2 (56)
= i3g3
Fb1b2b3
N2 − 1
kµkλ
k4
Ib1b2b3µλ (k) . (57)
Proceeding as in the previous case, for the Gribov ghost form factor till the third order we find
σ(3)(0;A) = lim
k→0
[
i3g3
Fb1b2b3
N2 − 1
kµkλ
k2
Ib1b2b3µλ (k)
]
(58)
= i3g3
Fb1b2b3
N2 − 1
1
4
∫
d4q1
(2pi)4
d4q2
(2pi)4
Ab1µ (−q1)A
b2
ν (q1 − q2)A
b3
µ (q2)
(q2)ν
(q1)
2 (q2)
2 , (59)
where use has been made of
Ib1b2b3µλ (0) = δµλ
1
4
∫
d4q1
(2pi)4
d4q2
(2pi)4
Ab1σ (−q1)A
b2
ν (q1 − q2)A
b3
σ (q2)
(q1)ν
(q1)
2 (q2)
2 . (60)
3 Expansion of the horizon function
In order to make a comparison between Gribov’s ghost form factor σ(0, A) and Zwanziger’s horizon
function Sh, we need to expand the expression
Sh = g
2
∫
d4xd4yfabcAbµ(x)
[
M−1
]ad
xy
fdecAeµ(y) , (61)
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till the third oder in the gauge field Aaµ. To that end we evaluate the inverse of the Faddeev-Popov
operator M−1, which is equivalent to solve the problem(
−∂2δab + gfabcAcµ∂µ
)
Gbd(x, y) = δadδ(4)(x− y) , (62)
where the Green function Gab(x, y) is evaluated as a series in the coupling constant4 g, i .e.
Gbd(x, y) = Gbd0 (x− y) + gG
bd
1 (x, y) + g
2Gbd2 (x, y) + .... , (63)
where
−∂2δabGbd0 (x− y) = δ
adδ(4)(x− y) . (64)
Thus, at first order, we get(
−∂2δab + gfabcAcµ∂µ
)(
Gbd0 (x− y) + gG
bd
1 (x, y) +O(g
2)
)
= δadδ(4)(x− y) ,
−g∂2δabGbd1 (x− y) + gf
abcAcµ∂µG
bd
0 (x− y) = 0 ,
∂2Gad1 (x− y) = f
abcAcµ∂µG
bd
0 (x− y) , (65)
which gives
Gad1 (x, y) =
∫
d4z
1
|x− z|2
fabcAcµ(z)∂
z
µ
δbd
|z − y|2
. (66)
Therefore
[
Mad
]−1
=
δad
|x− y|2
+ gfadc
∫
d4z
1
|x− z|2
Acµ(z)∂
z
µ
1
|z − y|2
. (67)
Consequently, till the third order in the gauge fields Aaµ, for the horizon function we obtain
Sh =
∫
d4xd4yfabcAbµ(x)
(
δad
|x− y|2
+ gfadc
∫
d4z
1
|x− z|2
Acµ(z)∂
z
µ
1
|z − y|2
)
fdecAeµ(y)
= g2fabcfaec
∫
d4xd4yAbµ(x)
1
|x− y|2
Aeµ(y)
+ g3fadmfabcfdec
∫
d4xd4yd4zAbµ(x)
1
|x− z|2
Amν (z)∂
z
ν
1
|z − y|2
Aeµ(y) +O(A
4) . (68)
Finally, moving to the Fourier space,
Sh = g
2N
∫
d4q
(2pi)4
Abµ(−q)
1
q2
Abµ(q) + ig
3fadmfabcfdec
∫
d4q1
(2pi)4
d4q2
(2pi)4
Abµ(−q1)A
m
ν (q1 − q2)A
e
µ(q2)
(q2)ν
q21q
2
2
.
(69)
Recalling now the expression for the ghost form factor σ(0, k) till the third order, namely
σ(0, k) = σ(2)(0, A) + σ(3)(0, A)
=
g2
4(N2 − 1)
(
N
∫
d4q
(2pi)4
Abµ(−q)A
b
µ(q)
q2
− igFb1b2b3
∫
d4q1
(2pi)4
d4q1
(2pi)4
Ab1µ (−q1)A
b2
ν (q1 − q2)A
b3
µ (q2)
(q2)ν
q21q
2
2
)
(70)
4Notice that an expansion in g is equivalent to an expansion in the gauge field Aaµ.
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and making use of
Fb1b2b3Ab1µ (−q1)A
b2
ν (q1 − q2)A
b3
µ (q2) = −f
admfabcfdecAbµ(−q1)A
m
ν (q1 − q2)A
e
µ(q2) , (71)
it is apparent that, apart from a global factor, the expression of the Gribov ghost factor σ(0, A) coincides
with that obtained by expanding the horizon function till the same order5 , i.e.
σ(0, A) =
1
4(N2 − 1)
Sh +O(A
4) . (72)
4 Conclusion
In this work the equivalence between Gribov’s ghost form factor σ(0, A) and Zwanziger’s horizon function
Sh has been investigated. The form factor σ(0, A) has been evaluated till the third order in the gauge
fields Aaµ and proven to be equivalent with the horizon function Sh, as expressed by eq.(72). Our result
can be interpreted as a strong indication of the fact that Zwanziger’s horizon function Sh is an all orders
resummation of Gribov’s form factor σ(0, A).
Let us conclude by mentioning that, although being non-local, the horizon function Sh can be cast
in local form by means of the introduction of a suitable set of auxilairy fields. Remarkably, the resulting
action turns out to be renormalizable to all orders [3, 4, 6, 7, 8, 9, 10].
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